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Abstract
The time-periodic electro-osmotic ﬂow of Newtonian ﬂuids through a microannulus
is studied in the Debye-Hückel approximation. Analytical series solutions for velocity
and ﬂow rate are presented with the help of an integral transform. The expression for
the distribution of the velocity proﬁle consists of a time-dependent oscillating part
and a time-dependent generating or transient one, and the normalized velocity
function is independent of the Reynolds number, which is very diﬀerent from
previous results. Then the eﬀects of the electrokinetic width K , the wall zeta potential
ratio β , and the frequency of applied external electric ﬁeld ω on the distribution of
the velocity proﬁles and ﬂow rates are discussed numerically and theoretically. Some
new physical and chemical phenomena are found theoretically. We point out that the
electro-osmotic ﬂow driven by an alternating electric ﬁeld is not periodic in time, but
quasi-periodic. There is a phase shift between voltage and ﬂow, which is only
dependent on the frequency of the external electric ﬁeld.
Keywords: transient ﬂow; electro-osmosis ﬂow; integral transform; velocity
distribution
1 Introduction
When an electric ﬁeld is applied to the ﬂuids in a channel, the walls of which are charged,
the migration of the ions present in excess in the double layer induces the motion of the
bulk solution due to viscous drag. This phenomenon provides an attractive means of ma-
nipulating liquids in microdevices, and it has been widely used in diﬀerent microdevices
and for various applications, such as microfractionation [, ], electrophoresis [], and
microspray generation systems [].
Time-periodic electro-osmotic ﬂow is also known asACelectro-osmosis, and it is driven
by an alternating electric ﬁeld. It is very important for biotechnology and separation sci-
ence. Recently, various studies analyzed the time-periodic electro-osmotic ﬂow theory and
modeling in diﬀerent geometry. Dutta and Beskok [] were among the early researchers
who analytically investigated the time-periodic electro-osmotic ﬂow between two parallel
plates, illustrating interesting similarities or dissimilarities with the Stokes second prob-
lem. Based on themethod proposed by Dutta and Beskok, many researchers studied time-
periodic electro-osmotic ﬂows through microchannels, and some new results are given.
General solutions were developed by Xuan and Li [] for direct current and alternating
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current electro-osmotic ﬂows in microﬂuidic channels with arbitrary cross-sectional ge-
ometry and arbitrary distribution of wall charge. Jian et al. and his colleagues investigated
the ﬂow behavior of time-periodic electro-osmosis in a cylindrical microannulus [, ].
Unfortunately, due to the incorrect critical assumption of the form of velocity distri-
bution, the results given in these researches are not correct, and some very important
physical phenomena have not been found theoretically. In their researches, these authors
believed that the velocity proﬁles will be oscillatory, and they assumed that these oscilla-
tions are instantaneous responses of the externally applied electric ﬁelds, i.e., they have
the same frequency. True, the electro-osmotic ﬂows should really be generated by the ap-
plied time-periodic electric ﬁelds, and the ﬂows may be time periodic. But, as we know,
there is a phase diﬀerence between phase voltage and phase current, and the ﬂow in the
microchannel should need some time to start. In other words, there is a phase diﬀerence
between the applied electric ﬁelds and the electro-osmotic ﬂows. On the other hand, on
the basis of the aforementioned ‘assumption’, the obtained analytical solutions of velocities
are represented as complex functions, which is unreasonable in physics. So, as a result, the
solutions given in these research papers are, generally speaking, incorrect.
In fact, the phase shift between the applied electric ﬁeld and the ﬂow response has been
proved by Nayak [], as well as some other researchers []. The steady/unsteady electro-
osmotic ﬂow in an inﬁnitely extended cylindrical channel with diameters ranging from 
to nmhas been investigated byNayak [], and the degree of the phase shift between the
velocity ﬁeld and the applied electric ﬁeld is found numerically. Using the backwards-Euler
time stepping numerical method, Luo [] clariﬁed the relationship between the changes
in the axial-ﬂow velocity and the intensity of the applied electric ﬁeld. Erickson and Li []
developed the analytical solution for the AC electro-osmotic ﬂow through a rectangular
microchannel for the case of a sinusoidal applied electric ﬁeld. Shilov et al. [] discussed
the mechanisms for diﬀerent times after the application of the electrical ﬁeld according to
the relationship between the dipole moment and the electrophoretic mobility.
The aim of the present paper is to present the analytical solutions for the time-periodic
electro-osmotic ﬂow of Newtonian ﬂuids through a microannulus. Analytical solutions
are rare. Not only do they represent electro-osmotic ﬂows through fundamental cross-
sectional shapes but they also serve as standards for asymptotic and fully numerical meth-
ods. Most important of all, some new physical and chemical phenomena can be found
from the analytical solutions.
2 Governing equations
The motions of an ionized, incompressible Newtonian ﬂuid with electro-osmotic body
forces are governed by the following Navier-Stokes equation:
ρ
DV
Dt = –∇P +μ∇
V + ρeE, ()
where P is the pressure, ρ is the ﬂuid density,μ is the dynamic viscosity, and the tensorV is
a divergence-free velocity ﬁeld, i.e., ∇ ·V =  subject to the non-slip boundary conditions
on the walls, E = Ef (t) is the externally applied electric ﬁeld, and ρe is the electric charge




Wang and Zhao Boundary Value Problems 2014, 2014:215 Page 3 of 13
http://www.boundaryvalueproblems.com/content/2014/1/215
and





here n is the bulk electrolyte concentration of a binary electrolyte dissociating into cations
and anions of valence zv, e is the electron charge, kb is the Boltzmann constant, and T is
the absolute temperature.
In the present study, we assume the surface potential is small enough, then with the










= κψ , ()
where κ = zven/εkbT is theDebye-Hückel parameter and /κ means theDebye length.
Because of the eﬀect of the electric ﬁeld, the ﬂuid in the capillary will ﬂow along the
axis direction. Neglecting the pressure gradient along the axis, the Cauchy momentum












+ ρe(r)E cos(ωt), ()
where u = u(r, t) is the axial velocity, t is time, and E cos(ωt) is AC electric ﬁeld, E is the
magnitude, and ω is the frequency of the unsteady external electric ﬁeld E.
In the present research, the geometric shape of themicrochannel is considered, as shown
in Figure . An electrolyte ﬂuid is ﬂowing unsteadily in the annular region between two
uniform coaxial circular cylinders with inner radius Ri = αR ( < α < ) and outer radius
Ro = R. The chemical interaction of the electrolyte liquid and solid wall generates an elec-
tric double layer (EDL), a very thin charged liquid layer at the solid-liquid interface. The
outer and inner wall zeta potentials are ψo and ψi, respectively. Here, ψo and ψi are small
enough, so that the Debye-Hückel linearization approximation is available.
Deﬁne the following dimensionless variables:






, ψ∗ = zveψkbT
, u∗ = uUeo
, ()
Figure 1 The section of semicircular channel with different constant zeta potentials on the
boundaries.
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here Ueo = –εkbTE/μzve. Substituting the above dimensionless variables into () and ()









= Kψ , ()
ψ =ψ∗o , r = , ()
ψ =ψ∗i , r = α, ()












u(r, t) = , r = α, ()
u(r, t) = , r = , ()
u(r, t) = , t = . ()
Here K = κR, ψ∗i = zveψi/kbT and ψ∗o = zveψo/kbT are normalized wall potentials.
3 Analytical solutions
The general solution of () has the form
ψ(r) = AI(Kr) + BK(Kr), ()
whereA and B are undetermined constants, I(r) andK(r) are themodiﬁed Bessel func-
tions of the ﬁrst and second kind of order zero, respectively. Considering the boundary






and the constants A and B are
A = K(Kα) – βK(K)I(K)K(Kα) – I(Kα)K(K)
and
B = I(Kα) – βI(K)K(K)I(Kα) –K(Kα)I(K)
.
Here β =ψi/ψo is deﬁned as the ratio of the zeta potentials of the inner wall to that of the
outer wall.
We now consider the solution of the governing equation (); here it is not convenient
to use the classical method of separation of variables because of the nonhomogeneities
of the master governing equation (). It is for this reason that we consider the integral-
transform technique, and thismethod provides a systematic, eﬃcient, and straightforward
approach for the solution of both homogeneous and nonhomogeneous, steady-state, and
time-dependent initial and boundary-value problems.
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J (αλm) – J (λm)
, ()
and λm is themth positive root of R(λm,α) = .











mu˜ +Kψ˜ cos(ωt), ()
u˜(λm, t) = , t = . ()
Equation () is an ordinary diﬀerential equation with initial condition (), and its so-
lution can be given directly as











where Φm = arctan(λm/ω) < π/ is the phase diﬀerence or the phase shift, and ψ˜(λm) can
be obtained from () with the help of the aforementioned integral transform (). Then,
substituting ψ˜(λm) into Eq. () yields the distribution of the velocity in the capillary,
u(r, t) = K
∞∑
m=
πλmJ (αλm)[J(λmr)Y(λm) – J(λm)Y(λmr)]
















4 Results and discussion
4.1 The generation of the ﬂow
From the expression (), we ﬁnd that the velocity ﬁeld of electro-osmotic ﬂow in the
capillary generated by the external applied electric ﬁeld is not time periodic. In particu-
lar, the distribution of the velocity u(r,ϕ, t) can be written as a sum of a time-dependent
oscillating part u(r, t) and a time-dependent generating part u(r, t):
u(r, t) = u(r, t) – u(r, t), ()
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Table 1 First ﬁve roots of R0(λm,α) = 0
α λ1 λ2 λ3 λ4 λ5
0.1 3.3139 6.8576 10.3774 13.8864 17.3896
0.2 3.8160 7.7855 11.7321 15.6702 19.6042
0.3 4.4124 8.9328 13.4341 17.9292 22.4216
0.4 5.1831 10.4432 15.6884 20.9292 26.1681

























Here R(λm, r) and N(λm) are deﬁned by () and (), respectively.
The ﬁrst ﬁve roots of R(λm,α) =  for diﬀerent α are listed in Table . It can be seen
that the minimum of λm increases with increasing α. When α = ., for the minimum of
λm we have λ = min{λm}  ., and e–λ  .× –. As a result, we can draw the con-
clusion that the generating part of the solution () will tend to zero in a very short time,
which results in the electro-osmotic ﬂow reaching a steady ‘periodic’ state. Additionally,
it is worth pointing out that the increasing frequency of the applied external electric ﬁeld
accelerates the generation of ﬂow in the microannulus.
In the sense of the above discussion, the generating part can also be called the tran-
sient part. In other words, the electro-osmotic ﬂow generated by the AC electric ﬁeld is
quasi-periodic. In spite of this, the generating part of the solution is very important for the
researcher in this ﬁeld, since it explains both the characteristics of electro-osmotic ﬂow
and the practical applications due to rapid development of the biochip technology [].
Furthermore, in a study of the stability of a colloidal system, Overbeek [] pointed out
that the relaxation time for surface charges (about – to  s) and the time scale for
Brownian coagulation (about – to – s) are very diﬀerent; the aggregation of colloidal
particles may occur earlier than the equilibrium of the electrical conditions near a surface.
In these cases, the steady-state analysis on the electrical condition near a charged surface
is unrealistic, and an extension of the conventional treatment to a temporal description is
inevitable, and this is the signiﬁcance of the present study.
4.2 Special cases





= π , ()
which yields
lim
ω→ sin(ωt +Φm) = . ()
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Then we get the distribution of velocity proﬁle when the applied external electric ﬁeld
remains constant from time t = , i.e., the electric ﬁeld follows a step-change:
u(r, t) = K
∞∑
m=
πλmJ (αλm)[J(λmr)Y(λm) – J(λm)Y(λmr)]










When β = , then we have ψ∗o =ψ∗i , i.e., the inner wall and outer one have the same zeta
potential,
















When β = , ψ∗i = , i.e., the inner wall is not charged, then the solution of velocity ()
reduces to
u(r, t) = ψ∗oK
∞∑
m=
πλmJ (αλm)[J(λmr)Y(λm) – J(λm)Y(λmr)]












4.3 Effects of K on velocity proﬁles and ﬂow rates
For given values α = ., ω = , ψo = , and β = , plots of the normalized velocity
u(r, t)/Ueo as a function of the non-dimensional radius r/R for selected values of time t
and for four diﬀerent values of the electrokinetic width K are shown in Figure . It is clear
from this ﬁgure that the ﬂow in the microannulus is similar to general pipe ﬂow for small
K as shown in the ﬁgure when K = , because the EDL is thicker for small K . When the
value of K is large enough, the velocity of the ﬂow increases with increasing electrokinetic
width K , and this phenomenon can also be proved analytically from the expression (),
where the term K/(λm +K) is included. The same conclusion is true for the ﬂow rate of























To demonstrate the eﬀect of K on the ﬂow rate, plots of the ﬂow rate as a function of
t using Eq. (), for selected values of K and ω, are displayed in Figure . The physical
mechanism for the above phenomena is that a large K indicates a thinner EDL, then the
region of bulk ﬂow (mass ﬂow) becomeswider, which results inmoremass of ﬂuid through
the pipe during the same period.
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Figure 2 Effects of K on the distribution of velocity proﬁles at different times: K = 10,50, 100,200.
Figure 3 Effects of K on ﬂow rate at different ω: ω = 0,10.
Additionally, some authors drew the conclusion that the ﬂow rate is proportional to the
cross-sectional area of the channel for large K , and the ﬂow rate is quadratic as K in the
leading-order behavior for small K [–]; it is noteworthy that this conclusion is incor-
rect. In this research, the authors discussed the asymptotic expansion of K/(λm + K)
for large and small K , respectively, with the help of series summation formulas. Unfortu-
nately, they ignored the fact that {λm} is a monotonically increasing inﬁnite subsequence.
In other words, for a given K , no matter how large it is, there exists a natural number N
such that if m≥N , then λm ≥ K .
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On the other hand, from Figure  and Eqs. ()-(), it is important to note that because
the transient part of the velocity solution decays in a short time, if the researchers consider
the electro-osmotic ﬂow of ﬂuids for time t > , the time-dependent oscillating part u(r, t)
can be used as a good approximation for simplicity of computation.
4.4 Effects ofω on velocity proﬁles
Figure  indicates the axial velocity distributions along the axial direction during the pe-
riod of transient response from t =  to t =  for diﬀerent values of ω. For given α = .,
K = , ψo = , and β = , the oscillation of ﬂow is enhanced by the increasing frequency
of the applied external electric ﬁeld. However, the mean velocity of ﬂow decreases as ω in-
creases from ω =  to ω = ,. An interesting phenomenon is found: there is almost no
ﬂow in the areas far away from the EDLwhenω is large enough, as in the case ofω = ,.
Figure 4 Effects of ω on the distribution of velocity proﬁles at different times: ω = 10,50, 100,200,
500,1,000.
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Figure 5 Effects of ω on the ﬂow rate at ﬁxed
times t = 0.1.
As the frequency of external electric ﬁeld increases, the ﬂow rate gets closer to zero, and
it keeps its oscillation, as shown in Figure , which is obtained from () as a function of
ω at ﬁxed t = .. The physical interpretation is that the large frequency AC electric ﬁeld
makes the ions in the ﬂuid oscillate around an equilibrium position. Mathematically and








as a result, the velocity reliably decreases with increasing frequency of the applied external
electric ﬁeld. Away from the walls of the microannulus, the EDL can be divided into the
compact layer and the diﬀuse double layer. Within the diﬀuse layer, the motion of the ions
is subject to the zeta potential of the EDL. Then we have the conclusion that the main
contribution to the ﬂow rate is the zeta potential when the frequency of the applied AC
electric ﬁeld is large enough.
Additionally, the eﬀects of ω on the normalized ﬂow rate and phase shift are shown in
Figure  for given K = . With the increasing frequency of the applied external electri-
cal ﬁeld, there appears to be a decrease of the phase shift between voltage and ﬂow. In
fact, according to Eq. (), φm mathematically tends to be zero for large enough ω. At the
same time, Figure  shows the increasing frequency decreases the ﬂow rate Q(t), which is
consistent with the results shown in Figure  and Figure .
4.5 Effects of wall zeta potential ratio β on velocity proﬁles
Electro-osmotic ﬂow is the result of the interaction between the applied external electric
ﬁeld and the electric double layer, so it is necessary to discuss the eﬀect of the wall’s zeta
potential ratio β of the inner to the outer cylinder on the velocity proﬁles. For each ﬁxed
time t, a sequence of u(r, t) curves for diﬀerent values of β is shown in Figure . From the
ﬁgure, it can be seen that the direction of the ﬂow is directly correlated with the polarity
of the charged channel wall. When β < , ﬂow reversal is observed, which is caused by
an adverse zeta potentials on the walls. When β > , the velocity of ﬂow increases with
increasing β , this can also be proved theoretically with the help of the average velocity in
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Figure 6 Effects of ω on the ﬂow rate and phase shift: ω = 5,10, 20, 50.
the microannulus, i.e., 〈u(t)〉 =Q(t)/π , and the following relationship is obtained:
〈
u(t)
〉 ∼  – β J(λm)J(αλm) . ()
5 Summary and conclusion
It has not been a accurate task to ﬁnd the analytic solutions for time-periodic electro-
osmotic ﬂow (AC electro-osmotic). In present research, we pointed out and corrected
the errors in the published research articles in this ﬁeld, and we obtained an analyti-
cal solutions of distribution of velocity proﬁles and ﬂow rates for time-periodic electro-
osmotic ﬂow in microannulus. With the help of numerical plots, our analysis has resulted
some remarks. The velocity ﬁeld of the electro-osmosis ﬂow consists of two parts, a time-
dependent oscillating part and a time-dependent generating or transient one. The tran-
sient part tends to zero very fast with the increasing time. The electro-osmosis ﬂow driven
by an alternating electric ﬁeld is not periodic in time, but quasi-periodic. There is a phase
shift between applied external electric ﬁeld and the electro-osmotic ﬂow, which is only
dependent of the frequency of external electric ﬁeld, and it is less than π/. The increas-
ing values of K decrease the average velocity and ﬂow rate, particularly, there is almost
no ﬂow in the region far from the walls when ω is large enough. Additionally, the increas-
ing frequency of applied external electric ﬁeld accelerates the generation of ﬂow in the
microannulus. The corresponding physical interpretation is given.
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Figure 7 Effects of β on the distribution of velocity proﬁles at different times: t = 0.05, 0.1, 0.5, 1.
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